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List of Sywnboly

As a general rule the following conventions will be observed in
this report. A superscript (T) will denote a total quantity, ‘i, e, the
result of superposing initial pressurization ¢ffects and other loading

effects. A superscript (n) will denote the n''! ierm of a Fourier ex-~

pansion of the quantity, (See Art 3, 0). A "primed’" quantity will de-
note a nondimensional quantity. There are two exceptions to this last

‘rule, E'and X . For explanation of thesc cxceptions and the method

of nondimensionalization, see Art. 4. . Certain terms will carry a
double sign, e. g., + , the "upper sin’ should be used if the "upper
series'' expansion of Art, 3.0 is uscc,
The symbols have the following mcanin ¢s:
¢, 9, z - - -coordinates of a point of tiie shell; z is measured
positive inward from the middle surface, ¢ and @
are the usual angles of a spherical coordinate system,
u, VvV, w -~ -components of the displacement |
N¢¢' NGG’ N¢0‘ Nq')z‘ NUZ - - -ini.;x‘hal stress resultants

M - -internal stress couples

06> Mys» Mgy -
X, Y, Z - - -components of surface traction
n - - -denotes the nlth term of tae expansion

E - - -Young's modulus

- v ~ - =Poisson's ratio

a - - -undeformed radiu_s of the middle surface

h - - -~thickness of the shell

'r(n) - = =Fourier coefficient of thc temperature increase ;
-B - - - Coefficient of thermal expansion,

) _ 1 aw™)

a ~d§
.(n) _ . (n) -
¢¢ -aSmng‘pz. +nMUQ
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T2 (I - v°) . h -5

In addition, certain symbols are uscd which do not appear in the
ol equations, These symbols are defined at the time of their intro-
duction,
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1.0.1

Chapter 1.

1.0 Introduction

In this report a s’ystem of ordinary differential equations govern-
ing the behavior of gpherical shells under arbitrary loads is derived.
‘The resulting system is presented in the chapter as equations 1,1.1
through 1.1.16. The form of these equations is such that a numerical
integration technique, e. g. Runge-Kutta can be cusily used. The
actual method ‘of solution will be discussed inn Chopter 9,

The accuracy of any engineering anulvs.s is lHinited by the start-
ing equations. The basic equations used in this report are felt to be
the most accurate available at present. l.incur cquations have been
used, i. e. prouacts of displacements, ctc. arc presumed negligible.
However, this analysis is designed to inciuae the effects of initial pres-
surization, and in this sense provides an inivortant extension. In addi-
tion, the only further assumptions are those of the validity of Hooke's
~law and the common Kirchhoff hypothesis of thin shell theory.

Several advantages result from this t: pc of analysis. First, the
basic equations are relatively free of simplifying assumptions. Second,
very complicated loading systems can be hendled. Third, the "output'

is in the form of the quantities of most use to the designer, i. e., stress

and displacement.

In addition to the assumptions listed above, one additional restric-
tion has been added. The thickness and material properties have beéen
assumed constant. However, it is possible to use the equations 1.1.1-

1.1,12 in the special case where the loading is axisymmetric and the

thickness and material properties vary only in the direction of the gener-

~ator. A slight modification of the equations will allow variation of thick-
ness and material properties in the direction of the generator for the
case of a nonsymmetric loading. |




1.1 First Order Form of Equations

The following eight equations arc

which are, for a particular problem,

4, Section 2.)
these equations.
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vhe fiaal form of the equations .
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should be noted that these equations arc nondimensional. (See Chapter
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In addition to the eight dcpendent variables computed above,

the following quantities are of intcrest as output data'.
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2.0.1

Chapter 2.

3 . Derivation of Equations

T.ie basic ejuations used in this report are based on the work

¢ 1.ovie (A Treatise on the Mathematical Theory of £lasticity, 4th_kd.,
1 Publications)., The rationale of I.ove's work will not be discussed;

;. .wewer, it may be pointed out that it is felt that his equations are the
1.+ avaliable. One deviation will be made from Love's work., In the
- sressions for the stress-displacement relations, we use the work of
wang (Applied Elasticity, 1lst Ed., McGraw-Ilill). It was found that
W.ng retains one more term than Love.  The retention of this extra
rerm seems justified in that other terims of the same order are present.
.» Love's analysis,

Since this analysis includes the offct of initial pressurization of
e sphere, the notation N(;)(q?) etc, w:ll . used. The superscript (T)

areates that this is the total stress resuitant and can be written as

P
N TNy e 2.0.1
Qo W

~ocere N 1s the stress resultant due to the initial pressurization and

N 15 the stress resultant caused by loads other than the initial pres-

., AL other yuantities use a similar notation,




2.1 Equilibrium E,uations

On page 5335, Love gives the equilibrium e uations as:

9 (T, B) 9 (52 A)
. L 5 ]

+(ql'N1B+<)2'N2A)+ABX(T)=O

3 (S, B) 3 (T, A)
- 1 ]
—5E—— t ypT (p,' N, B +p,' N, A)

+(rl'TlB-r‘SzA)+ABY(T)=0

2

2 (N, B) 2 (N, A)
- ' - '
7 a Y —38 (@' Ty B-qy' Sy A)

+(p,' 5, B+p,' T, A) + ABZ (T)

9 (H, B) 8 (G, A)

& - 33 - (G1 Brl‘ +H, Arz‘)+N2 AB

9 (G1 B) 3 (H, A)

2

o

G Bp'+GyAqy - (H B'-HyApy')+(S5 +5,)AB=0

Equations 2.1.1 - 2.1, 6 are extremely general,

following specialization to a spherical shell:

+ —5 B + (H1 Brl‘ - G2 Arz‘) - N, AB

]

2.1,1

2.1, 2

2.1.4

2.1,95

2.1.6

We introduce the




a = ¢ B = 6
A=a B = aSin ¢
._.l... = 1_ = .l—
Rl R2 a
- (T) . (T)
T) = Ny Ty = Ngg
- (T) (T)
N, = Nd,z N, = Ny,
Ve (T) | I, (T)
S5;'= Nog S)'= - Ngg
_ (T) . (T)
H1 = M¢0 H2 = Mf) é
_ (T) _ (T)
G1 = M¢>¢ G2 = Mee

2.1.2

For an explanation of the meanings of the various terms of Equa-

" tions 2.1,7, see Figures 2.1,1, 2.1.2 and 2.1, 3,

On using Equations 2. 1.7 in the eqjuations of Love, p. 523, we find:

v, Cos ¢ aw(T) + 1 82 w(T)
aSin2¢ N aSing 009¢

P,

) 52 w('r) 1 av(T)

Ppl = SInet gEmy Lz Y v

(
Cos ¢ ow Cos ¢ (T)
= 33 + u
2 (T) (T)
' - 1 9w ' 1 8u
q'=-1-3 *;‘;r—'“—a‘—sr-
A azw(T)__}__ 8u“T) +Cot1'8w(T)
L) a 000¢ a 060 a L]

2,1,8

2.1.9

2.1,10

2.1.11




(&)

u,v, and w are the components
at displacements in the direc—
tions of 1, and k respectively

FIG. 2.1.1
FIG. 2.1.2
FIG. 2.1.3

.1..



r.'-= L azv(T) + 1 9 W(T) + V(T) 2.1.12
1 e 5 4% asSin¢ 00 a © o
¢ .
2 _(T) . (T) .
_ 1 3"v _ Sing¢ 9w _ Sin ¢ (T)
rz‘- Cos ¢ + &~ 307 ¢ 2 I 3 u 2.1.13

For a uniformly pressurized sphere with additional loads, we note:

T) (T) _
NM( = Ny + N Ngg ') = Npg+ N \
(T . (T) . (1) _
Nog = Mo = Nog Ny2 Nz
(T) _ (1) _
Noz Noz Msé Myo
(T) _ (T) _
Mgg " = Mgg Moo Mgy
2.1.14
u(T) =1u V(T) \'4
wiT) . wotw T 2 4
STy e B J
where
v
2.1.15
_ pPafl -v)
wo ‘ZE

On substituting Equations 2,1.7-2,1,15in2.1,1 - 2,1,6, we find

8N aN , |
.ig + 1 6 ¢ -
Sing: 90 +Cot¢N¢¢ Cot¢N99
RSSO U S W 1 2 SR
¢z a 9¢ a aSing 003¢ as -

2.1.16




| 98

2.1.6

9N 9N, .
09 1 $ +2Cot¢N,. -N
LN 3ing 90 0 ¢ 9z .
: ]
L2y ! aw’rl)N+aY=0
+ (‘——— + ; - a ) | ‘
a a¢2 aSing 30
oz, A "o *N,, + Ngy +Cot ¢ N¢;
9¢ Sin ¢ 90 ) 6
.2
2 1 9w 1 ov 2.1.18
1 9"w 1 du v + 1. |
CEPY ) * a2 Tasing e
s 86 ™ 99  gsin?y 0g? SN
t -
+Cot¢:: +C: ¢u)N+aZ- 0
aM
- - o8 aN, =0 2.1,19
0 - + 2Cot ¢ M.  + |
9¢¢ Sing 90 oMy, 0z |
oM oM

: O¢ -M,,)- aN, =0 2.1,20
T3¢ " Bing Be T Cot¢ (M - My, ¢z

2.1,21
Mog = Myg |




' 2,2.1
2,2 Stress-Displacement Relations
a The stress resultants and stress couples (see, for example,
Wang, p. 340) are
__Eh W
| © M et
1 CEn
Nog === (€0t Vv€y)
(1 -7)
! Eh vy
N =N =
o0 6¢ 21 +v) 2.2.1

Mge= 'D(X2+VX1)

M =

6¢ M¢0=D(1-V)X

’ /

where for a sphere

€

| =
[+ >
=
-
<
A d
]
)

10

Cotg (T) 222

Slpocotg m, 1 ov'T 2cosg  aw(M
LR a? 99 asin®g 99
2 8W(T) 1l 9 U(T)

* ]
a®sing 29°9 " asing 99 /

12
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Introducing

and using Equations 2.1, 14 and 2, 2, 2 in 2. 2. 1 we obtain:

1 8u v v v Cot ¢

w
Ny "B {554 0tV 3 *35my 30 * 3
1 v Cotgp .. _ (1+w) vV 9u
oo = E' {aSinqs 30 * 3 Y a ¥tz B¢
_ (1-v) Cot ¢ 1 dv 1 du
N9¢'E| { a tads Y aTns '56}
2
- 1 du l 9w v ov
M, =-D{ + + LA
¢ ;2"56 ;Z 8¢2 azsinqb 96
+ v azw +vCot¢ +vCot¢ ow
a szd; a0 az az LD
2
1 9 1 0w Cot
Mgg = - D {—5— 30t et g
a” 5in ¢ a din ¢ 99 a
, Cotg ow . v ow v azw}
92 ¢ a2 99 2 942

a Sin ¢

u}

2,2,2

2.2.3

2.2, 4

2.2.5

2.2,6

2.2, 7

2.2.8

2. 2.9




3.0.1

Chapter 3.

3. 0 Reduction to Ordinary Differential Equations

Since the solution, numerical or analytic, of the systems of
partial differential equations derived in Chapter 2 is very difficult and

time consuming, it is expedfent to expand the dependent variables in a
Fourier series in the independent variable 6 .

-

This expansion reduces
the system of partial differential equations to a system of linear ordin-

ary differential equations which are much more tractable,

We now postulate expansions of the dependent variables in
trigonometric series of the form

u(s,0) = F o (5200 \
vis,0) = 2 v (sinne,

Co8n 6

wig, o) = Fw@ (5200

Ng 6.6+ § Ngg “ G

Nyg .00 = § Nw(‘_j) @ (G0 ae) > 3.0.1
No, 0.00 = £ Ny o (G000

Ny 6,00 = 3 N, a0 {?:i:snng}

Ny .00 = & v o (GR0)

Mg (¢, 6) = ? .MOG(n)N) {Cosn 0)

Sin n 6




3.0.2

M, (6, 6) > MM‘“) W (29
Mg, (6,0) = 2 Meqs(n) (4) {gi:snng }
x6.0) = §x™@ (Soon g 300.1
Y.0) - FyW (.¢) (Jnn @)
zw.0) = £ z® (Seent, /
Cos n6

where the symbol { } indicates either a Cosine series or a Sine

Sin n 6
series used. In the following equations certain terms will have a double
sign, e.g. + ; this notation indicates the "upper sign'’ should be used
when the "upper series' is used, etc,

Substituting equations 3.0, 1 in equations 2.1,16 - 2,1, 20 and
2.2.4 - 2, 2.9 and dividing out common terms, we obtain the following
system of ordinary differential equations,

dN o0 n (n) (n) (n)
q%ﬁ—t sy Moy *+ CotgN, M- cotg Ny s 0.2
: (n) - (n)
-N¢z‘(n)+ (i‘%-r+uo')+ Si:¢ d§¢ )-1—:—4» ax(“) =0
(n)
dN
7—Lﬁ 3 ————Si:¢ Nee(“) +2 Cot ¢ N“(“) - Noz(")
3.0.3
@™ s a m, m,N o,
d¢z— + Sin ¢ w + v a—"’ a =
an " (n) (n) ) (n)
Z < n n
_b%__ + Sin 5 Ny, t N4 Ngg + Cot¢ N,
2_(n) (n) 2 3.0.4
d"w du - n {n) - n (n) ’
+ Cot ¢ aw®) + CotguM) N Lo 200
53 a




HIHNOONDN oD oDOoOOoOO D o o s e e =

am ™ _—
df 3 Si:¢ M9¢n + 2 Cot ¢ M6¢(n)+a Nez(“) .
(n)
dM )

H— * smy Mgy + Cot ¢ (Mg 5 - g™ - Ny "= 0
() _ 1 ™ (14v) )y vn ), vCoty (n
Nyg T B & Y T aSmg " - LS4 0

(n)
N‘m(n)___ B {f < nn ; Jm, Cotg () (l;o—v) wi . v du¢ }
n) _ EQ1-v) (_ Cot (n), 1 dv(n) - n (n)
Noo = B (- S v 2 T aEmy v )
(n) 1 aw® dzw(n) - vn (n)
M, =-D{ + + v
¢ a2 9% g2 T4 4% a%sing
2 (n)
_ _vn W(n) + Cot u(")+ v Cot¢y dw
a Sin ¢ a az d ¢
2
Mea(n) --D{*t 2 v o W), Cotg (n)
a” Sin 3 a Sin ¢ a
+ Cot dw(n) + Y du(n) + Y d2 w(n) }
a dé : ';2 d¢ -a2 d7¢2
(n)
M «D(1-v){ ¥ n dw inCoslﬂ w(n)
0¢ a2sing 99 a® Sin” ¢
Cot (n) 1 dv(n) -, n (n)
v + + uv’}
a 2 az dé 2 a2 Sin ¢

3.0,3

3.0.5

3.0.6
3.0.7
3.0.8

3.0.9

3.0,10

3.0,11

3.0.12
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Chapter 4.

4.0 Reduction to First Order Form

In this chapter, the ordinary differential equations, 3.0.2 through
S5.0.048, rre pedaced 1o & TOITD particularly suited to numeTIenl sy
tion. The reader primarily interested in the final form of the equations
i8 directed :0 Chapter 1, equations 1.1.1 through 1.1.16, where the

b civrens

Luc ey to successtul twunipulation of these equations lies in the

U(n) and \b(:“) .
The quantity l(n)represents the slope of the median surface in the direc-

(n)
Yo

introduction of three new dependent variables, J\(n), ¢
tion of the generator. is a quantity reminiscent of and related to
the classical Kirchhoff shear of plate theory. The form of the quantity
q,)o(n) is suggested by the equations and is related to the effective mem-
brane edge shear for shells of revolution. Throughout this chapter, the
main purpose will be to manipulate the basic equations into aform such
that on the left side of the equation we have a single first derivative
while on the right side we have only the quantities themselves. This
particular form is conveniently integrated by the Runge-Kutta method
or some similar integration scheme.

We introduce the new dependent variable

dw(n) . 4.0.1

Eliminating 1\{92(") between 3.2.3 and 3.2.5, we get

Lam S had




(n) (n)
dN . dM
.1 e

2, (n)

gL“;
+

n. (n) n
5ind NO b aSm$ MOO +1 d ¢2 + Sing

my N o aybdly

a

+ Vv

Eliminating NOz(n) between 3. 0.4 and 3,0,

(n) (n)
Moz zn_ T006 Loy n, 0y, 0

il il r ] r
. ’

dé t 38y ~dp P Noz oé

+ 2nCot (n) (n)
'T——?—a he MO ¢ + azZ
We now introduce a second new dependent variable,

(n) N @ . @

J = aSing¢ ¢z 0¢

¢
which implies

d\ll (n)

(n)
1%—— = aSing d Eg:— + aCosd’

Substituting 4. 0,5 in 4,0, 3 we obtain

4.0.2

w® > 4,.0.2

</

5, we obtain

—

+ N’9¢ (n)

v(n) > 4,0, 3

} 4.0.4

o )




n)
1 Wo 4N Wy @),y atn) N au™

aSme —dp oo "Noo —a¢ ! d$
2
n“N (n) nN (n) (n)

- w + - v + NCoté¢ A

2 Sin% — aSing ¢

2

N (n) _ n (n) = 2nCot¢ (n)
t 5 Cot¢. u -———Z'asm ) M9¢ t —S5he ne / M‘9¢
+ a Z(’n) = 0

Introducing the third new dependent variable

P 9‘“’ = aSing N, ¢("’+ Sing M, ¢(“)

we also get

(n) (n)
dy dN
9 = aSing 9 + aCos¢p N (‘")+ Cos¢ M (n)
d¢ ¢ 6¢ 0¢
dM, )
+ Sin ¢

Substituting 4. 0.7 and 4.0.8 in 4.0.2 we obtain:

dy )
Tf— « - vsing) v 4 an) w4 (na) 3™
2 (n)
¥ {n) Meow - {Cot¢ } we‘"’ -. {NSin¢}2d—;g—

- {a®sing } Y™

4.0,3

4.0.6

4.0.7

4.0.8

4.0.9
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From 3.0.7

o au (n)

—a é—{vCot¢}u(n) {sm¢}v

{ + {(l+v)}w(n +{3—-,} N ¢(")

' (n)
' Eliminating -q%—— between Equations 3.0.7 and 3.0.8, we obtam

NOd: adin ¢
+ {v} N¢¢
‘ (n) (n)
Eliminating [—2 %9-— + é 2313_ ] between 3.0, 10 and 3.0, 11,
we obtain
Meo(n) {a 1 ) DCOt¢ }u‘n) +{ n(l v )D} V(n)

a Sm¢

v {2 2(1-v )D} (n) _ {(l-v )DCotj} A0
a25in% v a

+ {v} Man)

Substitution of 4.0. 11 and 4, 0. 12 into 4.0, 9 yields

dy e‘n)_ 2 (n)

S = - (msing) S sin@-vPECots [ 145 1}u
a E'

+{-—NSin¢+-——-S-=———-——m¢ [ 1+ ‘2— ]} v

2
¥ {-nN+n(l-v )E'[l+ T_Tn SD T }W(n)+ {n(l VZ)DCOW} l(n)
E'Sin ¢

+ {vna} N (")7 {vn}M“ -{Cot&}we(n)- {a28m¢} Y(n)‘)

¢¢

4.0.10

' ' — 1 - 2 .
) = {(1—” LE C0t¢ } u(n) I {n(l |4 )E }V(n) - {(lav )E'}w(n)\l\

4.0.4

4.0.11]

4,0,12

4.0,13 I




and substitution of 4. 0, 7into 3. 0. 9 yields

dv(n)

~d_$___=j,{ -SY%‘)—}\J(") + {Cot¢} v(n)

+ {E'(z

Substitution of 3.2.12 and 4, 0.1 into 4. 0, 14 leads to

{n)
D dv¥ _ n D (n)
{ ”azE'} 35 “tlamg [”azE,”“

+ {Cot¢ [1+%;; 1} v(n) Z s p
a" B! a“ E'Sin

2nD (n) 2 {n)
EAVS TS o s ey ST R

Substituting 4. 0. 10 into 3. 0. 10, we get

(n) 2
%%n ={’Vn 5 - (I;V) } w(n) - {VCOth}h(n)
aSin ¢
- U g™ - (g

Substituting 4. 0. 14 into 3.0. 12, we obtain

4.0 14

2 (n) 2
l-v)Sind»} Yo T {E‘U-—vf} Mg

- 4,0,15

—

(n) nD{1-v)Cot¢ (n)
M = 4 { }w
00 7 a%Sing (1+4—
/ a E!'
.—‘_'{DI?(I—V)D }h(l'l)-'_{7 '.D
aSin f(1+—2——-) a“E'Sin ¢ (1+

a”’ B!

4.0, 16

4.0.17

(n)
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Substitution of 4. 0.4, 4.0.12 and 4.0, 17 into 3. 0. 6 leads to

(n)
dM¢ - - { (1—y2)DCotE@ ) u(n) e {“(I'Vz)DCotQ} v(n) M
dé 2 2 :
a . a Smd)
a Sm ¢ (l+—2—-)
a B!
/ 2
- { (1-v)D [ 22n D + (l+u)Cot2¢] }l(n)
Sin ¢(1+—2——)
a E'

(n) 1 (n)
- {(1-v) Cot¢} MM“ + {gmgt ¥y

2nD (n)
4’9

+ {
- azE'Sin2¢(1+%—)
a"E'

Upon substituting 4. 0. 17 into 4. 0.4, we obtain

N (n) { n D(l— V) COtQ } w(n)_{ PZD(I_V) } A(n)

¢z a Sm ¢(1+—2—-) ?Sin.zq‘: (1+’ 5 )
a E' a“E'
+{ nD (n) + { (n)
+ azE‘Sin2¢(l+ 2D )} 0 a m¢ H'd» ‘
a " B! (

Substituting 4. 0. 14 into 4.0, 7, we get

a S1n¢(l+T) | a Sm¢ (1+ T__)
a E'
+ {T—'_l (n)
a m&(d'l' D. ) ) 4:0

a B!

4,0.6

> 4,0,18

}4.0.19

[ 4.0.20




We now substitute 4.0.11,

~——— N
L e

4.0,7

4,0.15, 4.0.19 and 4,0,20 into 3. 0.2, ob-

taining -W
= {-E't a-v®)Cotd - v (1= —5—)
_a%‘t_ a[ -V ot“¢ - gv sinZe Jlu
t{fg—cn%i[(l v2) 4 o4 ]}V‘“) %"0'21
a Sm 'S (l+—2- )
2
- N+ 22 D [(-v)- % 1) AW - {(l—V)Cottb}NM‘n)
a“ Sin (]+—2—-:—)
a b
+ { }q‘(n)_'_{ (1 2N } l“(n)
a':'m¢ Sm=¢ E'(l-v)(H 2D )] v
a' E'
- {a} x(n! D

Substitution of 4.0.10, 4.

leads to

0.11, 4,0,12, 4.0,16, and 4,0,17 into 4,0.6




4,0.8
N
(n)
dy 5
*a;L = -~ {(1-v)E'Cos¢ [ (1 +v) +'1ES‘+n D (l+v) 1) )
a"E'Sin"¢
4.0,22
' 2
¥ {(I—V)E'n[(l+v)+%+ n“(1+y)D y 0
a” E'Sin™¢
(- e o 2, .0°N n®D 2nDCot?y (n)
+ { Sing -[ Sin ¢+Ewr+v) +325'Sinjz¢ + 11w

azE‘(H——g—— )1 +v)
a E'

2 2
n2 (l+v)D + 2n“D 5 _._g’ Sin¢]}k('n)
a“E'Sing 2pgin o

- {(1=v)ag' Cot¢ |
! 2
a"E'

. M N 2. . vn? ()
- {(1+v)asing )Ny, + { 5 a°Singgrig } M

+ 2nDCot ¢
a“E'Sin ¢(1+ 5= )

vo® - (a?sing ) A
a’E’ .

If we presume that D, E' and v are constants, upon differentiating

Equation 4.0, 15, we obtain




el By M.M‘M daanill F ] el [ R ] [ ] Sl [ | [ L 3

2_(n)
D , a’v® ncot D (n)
{1"'-;2?;'} ’a’%r" _{-g-i—ﬂd’[ 1+ azE' 1} u
(=B _[14-D }du” {[“’a'?'p;"'] (n)
t lsmg (2 Vg )

(n)

D dv 2nD
v +

azE' 1 ¢ {azE‘

+{Cotg [1 + 5
Sin" ¢

ak'din¢ dé

—_ 4nDCot
* {35 sing

2 Cot {n) 2
- {E'(I-(—)v;Smd)“’O +*{gr=v) Siné }

}A(") + {

dy 6(n)
___a'.&...——-

Now,
2 e .
(e Dy Sy (g 2oy) W
 a%E' d¢ a“E!
2
—{[——7”n +1y[1+2 }'v(n)
Sin“¢ ) aZE‘]
3
{n(l'-H/) [ 1+ D ]+ 2nD + 2m"D
- in¢ a B azE'Sin3¢ ?E'Sin3¢
- 23(1+V)D }w(n)-; {—ZélD(l"\’V)COt }h(n)
a”" E'Sing¢ a"E'Sin¢
na D 2nD (n)—( 2n
* (B5ms U 2g ™ Spofomy @ B
+ { 2 df"o(n)
E'(1- v) Sin¢ d¢

Substitution of h.0.24 into 4.0,13 yields

2
[ Cos“¢+1 1 w(n)

substituting 4. 0. 10, 4,0.15 and 4.0, 16 into 4. 0.23, we get

N7

4.0,23

~/

~

$ 4.0 .24




v

e ‘ 4.0.10

2N dé

{1+ }
EN1-v)( 1+ 95— dé

a E°

= + {nE'Cot¢ [ 3%—,

2 D__ (n), (nE’ N
+(lV)“+a»E' N} u +{-Sm [VE'

+(l—u2)(l+ 7.]3—:)]} v(n)TF {nE'[v%.-

a bk

2 : 2
PN DU on” —(ru)Sing) , (1_02) (1,80 gy @) >

azE'Sinqu (l+—2— ) a“E'Sin% 4.0.25
a B’
+ (AP {tv) Cot [ 2N + Qo)
E' (1+ 3
a'E'
N 2N D (n)
+{na[v—W+ AR 3 o) JI' N
- a E'(l-i- ) ¢¢
a“E!
£l —2E— - vy M - (cotg )y,
E'(1+—2-- )
a B
J
- { azsin¢} Y(n)
From 3.0,5, we have '
(n) 1 dMogs(n) {(n) _  2Cot¢ . (n)
- - — n n) _ o n
Noz =~ 3 —d — * a5ing Moe a . Mgy > 4.0.26
-/

Upon differentiating 4. 0. 17, one gets




n)

}w

{ nD(1-v) (CoS ¢ +1)

aszd: (1 + D )

d —
T

aZE'

{ 2nD{l-v) Cot¢ } A(n)

+
T aSin¢ (1 + ? )
= O
T4 nD{1-v) } dx(n) - | D Cot ¢
aSin¢(1+[; ) 7E'Sin¢(l+7——)
a B! ) a " E!
n
4 (oD ddg

a2E' Sin ¢(1+ R
a E!

Substitution of 4. 0, 27 into 4. 0, 26 yields

(n) + { nD(l-v) (Cos2¢+1) }w(n)

4.0,43

Oz - .
a’sin®% (1+-2—)
a'k'
7 (2nDU-v) Cotg o), aD(l - v) a @ 4.0.28
Ty A 2 o — 1 -
a“ Sin¢ (1 +T_) a” Sin¢ (l-i-T—) d¢
a’E' a’E’
v D Cot ¢ } v ) _ D @
3 D 0 3 D
a“ E'Sing ( 1+ 5 ) a ESm¢(l+-——) d¢
a‘ B a’E
- n (n) 2Cot¢ (n)
* Aomm mé} Mg - { 3 ) Mg,




4.1.1

4.1 Summary of First Order Equations

From the previous section we summarize the results as follows:

-

} N

(n) '
Wl - oots) w3 (F vy (aen)) Wl
> 4.1.1
+{m) NM(")
av™)_ n_y 0, o (n) h
a? = + {m} u + Ot¢} v
— 2 nDCot ¢ (n) 2nD (n)
+ | } w + { X .
a“E' Sing (1+——) = aE'Sing (1t (L 1.2
a“E! a"E'
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4.1.4
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dn % .
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- - 1-
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(n)

d
H;L = ~{(1-v)E' Cos¢[ (1+v) + lj', + B—l:)—-il—*'—-u—)--—]}u(n)

E a2 B Sm ¢

2
F{a-nERl e+ +97%§%)] y v
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} w
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4. 1.9

3
- 2 1 ]
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4.2 Nondimensionalization of Equations

For engineering problems, it is frequently advantageous to present
results in a nondimensional form. This is particularly true where design
techniques or general results are involved, The nondimensional form per-
mits one set of data or calculations to be applied to a large number of prob-
lems. Examination of the equations 4. 1.1 through 4, 1, 14 shows that the
gelection of certain quantities as the nondimensionalizing factors will re-
sult in some simplification of the equations.b Accordingly, equations 4,1,1
through 4. 1, 14 have been nondimensionalized. These nondimensional equa-
tions are presented in Chapter 1 as equations 1, 1,1 through 1,1, 16,

The scheme of nondimensionalization is presented below, In general
"a primed quantity'' will denote a nondimensional quantity. There is one ex-
ception. This is E', a dimensional quantity as defined previously,

u(n)‘ = .‘;—(n) v(n)' = %ﬁ) .\
(n)
(n) N,
(n)* w (n)* _
w = -a——- N¢¢ = -—%?—-— '
(n)
M, (n)
(n)' _ ¢¢° (n)' _ ¥
M B ’Eﬁz_ "’¢n ) _%E—'-
?~ 4.2.1
) Y '
4'0(“) . a% <) %_'_ %)
Y(n)l - %TY(n) Z(n)l = %T Z(n)
N D
N' = D' :
B aZE‘




Clanstesy 3,

Integration of Equations

e e i ———

The solution of the problem for stresses and deflections in a
spherical shell has now been reduced to the integration of a set of eight

linear first-order differential equations. This set is readily integrated
on a digital computer using one of several integration procedures., The

progrdm prepared as part of this project utilizes a fourth-order Runge- '
Kutta process. i

The numerical integration pfesents several mathematical compli- j
cations, each of which has been resolved in the accompanying program., ‘,

The first, and most easily overcome, complication results from i
the fact that the problems to be solved are boundary value problems where-
as numerical integration schemes are directly applicable only to initial

.y value problems. Since the governing differential equations are linear,

{ o=

the boundary value problems can be solved by constructing a linear com-
bination of solutions to judiciously chosen initial value prbblems so that
both the initial and final boundary conditions are met. ' |

The second difficulty occurs when the angles ¢ =0 and/or ¢= 7 |
lie within the region of integration. The differential equations contain ‘
singularities at these points. In order to avoid these singularities, such |
artifices as a small hole, a small rigid plug, or a small elastic plate or :
cap may be introduced into the program. In the case of the program pres- i
ented, an extremely small hole subtending a half-angle equal to 10"6 times e
the outside angle is used, |

l The program may be readily modified to use any of the alternate |
possibilities which have been mentioned above. _ ‘




